Limit of functions (solution)

(@ Put y=n-x. As x—>mn, y—>0.

_sinmx . sinm(n— -)™  sinmy m, ... sinmy/my m, ..
lim— =lim— (r=y) (Y lim— y=—(—1) I|m#=—(—l) ,m,neN
“rsinnx Y0 sinn(r—-y)  (=1)"' Y% sinny n >0 sinny/ny n
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1 cosx 2sin? X sin> 1
() lim = lim 2 _Zlim| —2| ==
x—0 X2 x—0 NG 2 x>0 i 2
2
(¢ Put y=1-x. As x—>1, y—>0.
ny
: X 1- . 2. o 2
I|m(1—x)tanﬁ—=Imytanu:I|mycotn—y=—I|mL=—
x—1 2 y—0 2 y—0 T y—0 tanly T
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. COSX—C0S3X . 2in2xsinx . sin2x . sinx
(d) lim =lim =41lim lim =4
x—0 XZ x—0 XZ x>0 oy x>0y
© lim Zs-in2x+si-nx—1 _lim (25?nx—1)(sfnx+1)=”m sinx+1:(1/2)+1:_3
H§25|n2x—35mx+1 Hg(25|nx—1)(smx—1) oIsinx -1 (/2)-1
() Put y=x-(@/3). As x—>(n/3), y—>0.
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3 1-2cos x N 1—2005(y+£) N 1—2(cosycos£—sin ysin E)
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© lim—"t _jp— x> _ 170 1
o=oxt-x-1 e, 1 1 2-0-0 2
x x?
@)@+ 2x)1+3x) -1 . 6xP+11x7 +6x .
() i EFOAF 2O+ =1, 6XT * = lim[6x? +11x + 6] =6
x—0 X x—0 X x—0
5 _ 2 3 4 5 2 3
(b) lim @+x) (1+5x):“m10x +10x° +5x" + X :”m10+10x+5x +X 10
X0 x? +x° x>0 x? +x° x>0 1+x°

€ x+xX2+..+xX"=n =(x=-1)+0E=-1)+..+(x"=1)
SX=D[L+X+D)+E+x+D)+ .+ X"+ L+ x+1)]
X+X2 4. +X"=n

lim . :Iirq[1+(x+1)+(x2+x+1)+...+(x”’1+...+x+1)]:
X X_ X

n(n+1)




(d) If m>n,

) m n  omMAEX X X" =N XX+ X .
lim - =lim . n > — ,oncancelling (1 - x).
OUL-X" 1-X") P A-X)A+X+ X+ XA+ X X+ X))
lim ML+ X+ X7+ 4+ X" ) = nx" = [+ X + .+ X™ ) = mx™ ]+ max" (1 - x™ ")
x-1 A=X)A+X+ X2+ X" DA+ X+ X +..+ X" )

_lim ML+ 2% +3x2 + ...+ (N =1)X" 2 ]—nX"[1+2x + 3x% + ... + (M=D)Xx™ 2]+ mnx" L1+ X +...+ x™ ")
x>l A+X+XH X" DA+ X+ X2+ + X"

, on cancelling (1 - x).
- m+2+3+..+(n-1)]-n[1+2+3+..+(m-1)]+ mn(m—n)
mn

_m(n-Hn/2-n(m-m/2+mn(m-n) (n-1)+(m-1)+2(m-n) m-n
- mn - 2 2

. m n . n m n-m m-n
If m<n, Ilm( - j:—hm( - )=_ =
I 1-x" 1-x" > 1-x" 1-x" 2 2

If m=n, thelimitisobviouslyequalto 0.

1 1
We like to prove first (i) limex=0 (i) limex =00
x—0" x—0"
(i) Forany &>0,weliketofindsuitable §>0 st e'™ <e (D)
Taking logarithm, we have 1/x<lIng ....(2)

Since x — 0", we consider negative x values only .

For €>1, (2) always holds, we canchoose any & .

For e<1, x<0, Ing<O, multiply(2) by x/Ing>0,wehave x> 1/Ineg
or x<0-x<-1/Ine. . take 3=1/In¢g, (1) holds.

(i) Forany R>0,we liketo find suitable §>0 st e >R (D)

For R<1, (1)always holds, we chooseany &.

For R>1,taking logarithmin (1), O<x-0< ! . . Take 8=L , (1) follows.

logR logR
1 1 1 1

(@ lm——p=—-=1, by(i (b) lim -=——=0, by (ii)

x—1" = +0 x—1* = 1+ o0

1+e* 1+ex

() Replace x by 1/x. As x—-0 , 1lix —0.

. In(l+e* .
lim M: lim xln(l+e1’x):0><ln(l+0):0

X—> -0 X Xx—> 0"

ex
_In(1+e* . x e . 1 1

(d) lim —( ) = lim 18 _ jim = lim =—=1

X—> +0 X L'hospital Rule x—>+0 ] x— 0" 1+ellx x-0" 1 0+1

el/x +

N vl T [\/(x+a)(x+b)—x][\/(x+a)(x+b)+x]__ (x+a)(x+b)—x?
@ XILT" Gera)lb) X]_XI—IHL (x+a)(x+b) +x _Xllgl (x+a)(x+b) +x

_lim x(@+b)+ab a+b+(ab/x) 3 a+b+0 =a+b
o fxra)(x+b) +x =1+ (@lx)A+(b/x)+1  J@+0)(1+0+1 2




(¢ +x?+1)-(x* - x> +1)

() 1im {5 +x? +1 -3 —x? +1)= lim

Xt o (x3 4 x2 +1)2/3 +(x+x2 +1)1/3(x3 —x? +1)1/3 +(x¥=x? +1)2/3
= lim 2
o (38 4 1) 4 (34 x2 1) (=X +1) 7+ (x° = x2 1)
2 2 2
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x x° x x° x x° x x°

I % 25 _ iy _1)3] =i % (x+1)* - (x-1)°
© Jimx [(X+1) (x-1) ] i (x+1)"° + (x +1)"°(x —1)?* + (x —1)**

4x*"3 4
:1i—r’?°(x+1)4/3+(x+l)2/3(x—1)2/3+(x—1)4/3:li—rﬂ 1) 1Y 1\ 1\*3
CTETETE)
X X X X
2 2
C1+1+1 3
Ux -4 2_4 2 4 1
@ lim 2= i 2t Y _1
o8\ —8yxtyo2yd 8 yo2y? 4oyt d 44444 3
_ 3 _ 3 _ 3 3 _
VO+2x -5 lim 9+2y 5:"m(\/9+2y SX\/9+2y +5):Iim 9+2y°-25

e) lim—=—— = lim
( ) x> 8 i/;_z y=x3 y—>2 y_2 y— 2 (y_z)(\/9+2y3+5) yaZ(y_z)(\/g_i_zys +5)

e 2y°-16 =IimZ(y2+2y+4)=2(4+4+4)=E
wr(y-2)ar2y® +5) 2 J9+2y* 45 V9+16+5 5

limf(x)=L = Ve>0,38(e) >0 s.t. 0<|x-a]<d=[f(x)-L|<e=|f(x)—|L|<|f(x)-L|<e

X—a

limif (0] = |
It is obvious that  limf(x) =0= lim|f(x)| =0 since |f(x)|=|f(x)|<e . If L=0,counterexample :
1 if x>0
Consider f(x) = ) .o limff(x)| =0, limf(x) does not exist.
_1 |f X<0 x—0 x—0

As x ranges through the sequence  {x, |= {nn+§}, n=0,12, ...

1
tanx, +2——

. . . ' X, 2-0

lim f (x) = lim — lim XY,

X—00 n—oo an +1 n—o 1+ 1 1+O
X

nj

X, tanx, +2x, -1

As X ranges through the sequence {xni }: {nn+%}, n=0,1,2,....

1
tanx, +2——
) . X, tanx, +2x, -1 : X, 1+42-0
limf(x) = lim— : —=Iim 7 - =
an+1 14— 1+0
X

nj

3

f(x) does not have a unique limitas x — oo.



10.

11.

12.

13.

14.

15.

im f(x) +ng(x)sin® x i f()+0 _

When x isaninteger, sinnx=0. R | f(x)
e 14 nsin® Tx e 140
When x isnotan integer, sinnx 0.
T2 HJ
Iimf(x)+ng(.x)sm X =Iim(1/n)f(x)+g-(x)sm X =O+g(X)Xl=g(x).
2 14nsin® ox —>o0 (1/n) +sin® tx 0+1
When x*>1, [x|>1, [U/x]<1, . (X)"—>0, as n—ow.
IimX f(xX)+9(x) =Iimf(x)+(1/x )g(x) =f(x)+0><g(x) _f(x)
oo xT41 oo 14+ (1/X") 1+0
When x*<1, |x|<1,.. x">0, as n—o.
Iimx f(x)+9(x) _ 0xf(x)+g(x) _g(%)
e x4+l 0+1
When xe1. fimXT0+000 1" xF0)+900) _F0)+9(x)
noe x4l N 1"+1 2
¢(x):|imL+lg(X), X # -1, d(x) isnotcontinuouson R unless f(x)=g(x).
e X+
lim f(x)=0= Ve>0,3X>0, s.t. x>X=|f(x)<e
1 1 .
Take e&=—/,then VM>0,3X>0, st. X>X=>|—1>—=M, f(x)=0 .. lim——=w .
M f(x)| e ==/ f(x)
lim f(x)=0o= YM>0,3X>0, st. x>X=[f(x)>+VM =[f(x)*>M
X—> 00
lim[f(x)]* = 0.
No. Consider f(x)=1-—- . lim f(=1  lim f(x)=L1,
X X—> 0 X—>—00
Yes. lim f(x)=c0= VM>0,35>0, s.t. |x-a|<d=|f(x)>M
X—a
=f(x)<-M or f(x)>M =f(x)<-M an;l f(x)=—0
But |in;l f(X)=+c does not imply |irTa\ f(X)=—c0. Counterexample : f(x):( ! v
X—> = X—-a

No, unless m=n.
lim f(x)=m= V8, >0, 0<|x—a| <& =[f(x)-m|<e/2

X—a

lim f(x)=n= v8,>0, 0<|x—a| <8, =|f(x)—n|<e/2

Take &=min(5,,3,) O<|x—a|<8:>|m—n|:|(f(x)—m)—(n—f(x)|<|f(x)—m|+|f(x)—n|<§+§:s
Since ¢ isarbitrary, [m-n=0 —m=n.

No. unless f(x) iscontinuousin x=a.

1 if x#a

Counterexample : f(x)= )
P 0 {0 if x=a



16. 17. 18.
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3 f
2 >
2 3 2 1 O] 1 2 3 x
1] 1 -1\
I 5 3 2 52 o 1 2 3 4 85 x >
1 if a>0
limf (x) =1=f(1) =3 limf (x) =2 F(2) = 3 limsgne) =, -1 if a<0
Xt X2 undefined if a=0
19. 20. (@) Let P(n):n>10, 2">n°
yA For P(10), 2°=1024>1000=10° .. P(10)is true.
! Assume P(k) istrue forsome ke N, k=>10.
3 . e, 2K>K3 ()
5 > For P(k+1), 2%'=2(2%=(k+1)*+Kk3-3K*=3k-1, by (*)
. , > (k+1)® + 10k* = 3k* =3k =1 (since k>10)
- = (k+1)® + 7k* = 3k - 1 > (k+1)® + 70k - 3k — 1
* o3y A = (k+1)® + 67k — 1 > (k+1)® + 670 — 1 > (k+1)?
Sig . P(k + 1) is true. Result follows from Principle of Math. Induction.
A 2X 2n 3
(b) Let n=[x]. Then n+1>x>n. =2 > n 5
lim{x]= [x] if xegZ 3x° 3(n+1)° 3(n+1)
x>a~ |undefined if xeZ < e 0 9
~lim——>1lim ~=lim o s lim——=co
3x 3(n+1) 3[1+) 3x
n
2 — f—
21, (a) lim—x 1 -1 _,

(b) L

0% —x-1 0-0-1
2 3
_lim A+ x)(1+2x)(1+3x) 1: lim 6X +11X° + 6X

=1im(6+11x + 6x?)=6

x—0 X
Also, L =lim[(1+2
LHR x—0

1

x—0 X x—0

X)(1+3%)+2(1+3x)(1+x)+3(1+x)(1+2x)]=6

-t CoxPex
© lim— = 1im2X X Climx(x? +x +1)=3
t—1 tE 1 x2=t x-1 X -1 x—1
. (@+mx)"—2+nx)"
@ Lot
X
N(N-1) 2 N ~nfroy mM-1) 2 N mmpy
1+n(mx)+T(mx) +> Cr(mx)" |- 1+m(nx)+?(nx) +>° €l (nx)
L=Ilim — L

x—0

XZ




22,

23.

24.

L=1Ilim lim
x—0 2X x—0 2 2
_osinmx m . sinmx /. sinnx m
(e) lim— =—Iim lim =—
0 sinnx n 0 mx /0% nx n
. hYy. h . h
cos( X + h) — cos x —25sin X+E smE sin —
(f lim = lim =—lim sin(x+—)lim — 2 _ _sinx
h—0 h h—o0 h h—0 2/)h>0 h/2
@ limx1-x) = tim (J(oy)? +1- (-y))=lim [y +1+y)=+o0
X—>—0 y=—X y—>+x y—>+w©
1 1 1
CWxavxadx T e T e
(h) lim =lim =1
X—> 0 '\/X+1 X—> © \/ 1
1+—
X
. . l+sinx—cosx . COS X —Sin X 1-0 1
(i) lim— = lim - - -
x>0 1 +sin px —cospx “R x>0 pcospx —psinpx p-0 p
() Let p)= >ax', gqx)= D bx
i=0 i=0
a /b, if m=n
a,/b, if m=n mO " " oen
<
Iim@: 0 it m<n "mM: + if m>n,miseven
X—> +0 X—> +00 o0 >
a(x) +o if m>n a(x) . T
—oo if m>n,misodd
1 if x<a
f(x)=40 if x=a . o lim f(x)=lim f(x)=1=f(a)=0 .
1 if x>a ” ”
InL if x<a In; if x<a
(x —a)? (x—a)* . .
f(x)= 02 if x=a g(x)= 0 if x=a. Then lim f(x)=lim g(x)=o .
1 . X—>a X—a
In—° if x>a In ~ if x>a
(x-a)® (x—a)
Ine=1 if x<a
But f(x)—g(x)={ 0 if x=a . . lim [f(x)— g(x)] does not exist.
Ine?=2 if x>a
e - g(x) _
If f(x)=0 Vx, O0<[x-a<s, then limf(x)=0, lim g(x)=0 = Im;ﬁ—oo
X—a X—a X—> X
Proof : lim f(x)=0 .. Ve>0,35,>0, O<|x-aj<8, =|f(x)|<e
1 1
Take &=—, VR >0,35,>0, O<[x-a<§, =|—/<vR
vR f(x)

= Liirg{@(m)z +Zn: Cfm’x’ﬂ{@(n)z +Zm: C[”n’x”}}

_ n(n-1) B m(m-1) _ mn(m—n)

(m)® (n)*

Also, by L’hospital Rule,

mn(L+mx)"™" —mnL+nx)™ . m*n(L+mx)" —mn*(1+nx)™"  mn(m-n)




Now, lim g(x)=o ..VR>0,33,>0, 0<|x—a|<82:|g(x)|<\/ﬁ

X
Take &=min(85,8,), YR>0,38>0, 0<|x—a|<8, :‘g(x) <JRVR=R. .. Irr;%z
X— X
. X
If f{x)=0 VX, 0<|x-a<3,then M is undefined and |Im£ does not exist.
f(X) Xx—>a f(X)
For example, f(x)=0, g(xX)=——
X—a
1 if .
25. f(x)= "ox<a If(x)|=1, sAim [f(X)[=1 ,but limf(x) does not exist .
-1 if x>a x—>a x> a
26. (a) limf(x)=lim(x*+2x)=3, limf(x)=1lim0=0
X—1" X—1" x—1* x—1*

(b) Both left and right limits do not exist.

' 1 1 1
27. (a) Let xn=(1+—], y,=1+1+—+—+..+— ,then
n 21 3 n!

X, =1+ " l+...+ " i+...+ "L , Where k<n.
1)n k) nk n)n"
=1+1+i(1—£)+£(1—£)(1—3j+...+i(1—1) (1—u) +1(1—£) (1—n—1j (1)
2! n/ 3 n n ki n n n! n n
Since k<n, X >2+1(1—£j+i(1—£j(1—gj+...+i(1—1)...(1—ﬂ)
2! n/ 3 n n ki n n

Let n—oow e>1+1+1+1+ +i:yn.
3 n!
. . 1 2 k-1 1
Clearly, e=>y,>Xx,, sincein (1), (1——),(1——), ,(1——], ,(1——) are all less than 1.
n n n n

1 1 1
and so by Sandwich theorem, I|m yn—nllm (1+1+ 2|+3|+ A+ Ij e exists.
e I n!

(b) In(1), x, _1+1+21_(1—%] %(1-%](1-%]+...+%(1-%)...(1_%j
+%[1—%](1—%){ﬁ(1—%)++m(1_%)(1_”7_1ﬂ

1 1
<1+1+—+—+.
2! 3

1 1{ 1 1 } 1{ 1 1 }
A + S+t — <Yt —| —+ >t
kKl k'l k+1 (k+1) (k+1) kKl k+1 (k+1)
1 1 1

< =y, +
Vi kk+1, 1 e o
k+1
Let n— e<y,+ e=y, + O 0<0, <1
00 < C.e= _, .
T kxkl “ T kxkl “

11 1 6
Replace k by n, e=1l+l+—+—+. . +—+——  where 0<0,<1.
21 3 nl nin



. 1 1 1
(c) Take n =10 in (b), ez1+1+5+§+...+ﬁz2.718281z2.71828 (to 5 dec. places)

0

n —_—

nin 1010  10x10

(d (@

(i)

(iii)

0, _ 1

<0.000,000,1

n (-3n/2)72/3
2 1 1
lim (l——j = liml 14— _e_ T
e 3n el (=3n/2) Q2/3

(assuming the limit is good for continuous and negative variable)
X*—a
2a

x2 2ay+a 2ay+a y]%2
. (x*+a . (2ay+2a . 1 i 1
lim ( - j =lim cay+aa =lim| 1+— =| lim| 1+—
X—> 00 X2 —a X—> o0l 2ay X—> ool y X—> o0 y

Put y=

Then X—ow, Yy—oo.

|

1+—

1)*‘ .
=e

n —(a+n)/a]2 -a
1 1
lim (Lj = lim 1+ —— liml+—| =e*x1=¢*
e a+n el —(a+n)/a el —(a+n)/a

(iv) The question is easy if the limit is good for negative variable. If the variable is restricted to positive:

y y -y y-17t
|im(1-x)“*:|im[1—1J :Iim(y—_lj :lim(LJ _ Iim(1+1j
x—=0 y—o y y—o y y—o y -1 y—o y -1

(e

r!im
)}

lim
9

b 1 by 1 y
lim(1+x)" :Iim[1+—] :{Iim(1+—] } =e"
x— 0 y— o y y— o y

1) 1)
1+— | =lim |1+—| =e
Pn Py— Pn =

an+c b-c ¢

an+b)" 1 be
=lim|1+ =e?
an+c/ "= an+c

Replace x by 1/x,

lim(1+ (=3x)) lim(1+ X))V / lim(1+ (=7x)) T lim(1+ 4x)") =ee/e et =

Xx— 0

= e [ 1- 2% —3x2 j“* ) “m[ (1= 3%)(1+X) J“X
3 28| WMo e o

=lim
1-3x —28x? (1-7x)(1+4x)

[

1+1j:el
y-1) =



